Week 4 - Friday

COMP 2230



= Examples of SOLHRRwCC's
= General recursive definitions



Questions?




Assignment 2







Growth of Functions




Power functions:

= pa(x) = x*wherea,x =20
Increasing and decreasing functions
Let f and g be real-valued functions defined on the same set of nonnegative
real numbers
= fis of order at least g, written f(x) is (g (x)), iff there is a positive A € Rand a
nonnegative a € R such that
Alg(x)| < |f(x)|forallx > a
= fis of order at most g, written f(x) is O(g(x)), iff there is a positive B € Rand a
nonnegative b € R such that
|f(x)] < B|g(x)|forallx > b
= fis of order g, written f(x) is ©(g(x)), iff there are positive 4, B € R and a nonnegative
k € R such that
Alg(x)| < |f(x)| < Blg(x)|forallx > k



= Let f(x) be a polynomial with degree n

= f(x) = a,x™ + a,_x" 1 +a, ,x"% ..+ ayx + ag

= By extension from the previous results, if a,, is a positive real,
then
= f(x)isO(x®) forallintegerss > n
= f(x)isQ(x") forallintegersr < n

" f(x)is ©(x")



= Forall real numbers b andr withb > 1andr > 0
= log, x < x", for sufficiently large x

= x" < b*, forsufficiently large x
= These statements are equivalent to saying for all real numbers
bandrwithb > landr > 0
= log, xis O(x")
= x"is O(b*)



= First, assume that the number of operations performed by A on
input size n is dependent only on n, not the values of the data
= If f(n)is ®(g(n)), we say that Ais ©(g(n)) or that A is of order g(n)

= If the number of operations depends not only on n but also on the
values of the data

= Let b(n) be the minimum number of operations where b(n) is ©(g(n)),
then we say that in the best case, Ais O(g(n)) or that 4 has a best case
order of g(n)

= Let w(n) be the maximum number of operations where w(n) is ®(g(n)),
then we say that in the worst case, A is ©(g(n)) or that A has a worst
case order of g(n)



= With a single for (or other) loop, we simply count the
number of operations that must be performed

= When
multip
= When

o]0

yt
00

0s do not depend on each other, we can simply
neir iterations (and asymptotic bounds)

ns depend on each other, we should analyze the

loops like a series
= Repeated divisions by a constant k often lead to a log;, n

term



Far too easy

What's the Big Theta bound if n is the length of values?

public static double average(int[] wvalues) {
double sum = 0.0;
for(int 1 = 0; 1 < values.length; ++i) ({
sum += values|[1i];

}

return sum / values.length;




A little tougher

What's the Big Theta bound if n is the length of people?

public static void meeting(Person|[] people) ({
for(int 1 = 0; i < people.length; ++i) {
for(int Jj =1 + 1; j < people.length; ++j) {
people[i] . shakeHands (people[j])
}




Watch your step

What's the Big Theta bound if n is n?

public static void powers(int n) {
int 1 = 1;
while (1 <= n) {
System.out.print (1) ;
i *= 2;




Keep watching your step

What's the Big Theta bound if n is n?

for(int i = 1; i < n; ++i) {
for(int j = 0; j < n; j += i) {
System.out.println("*") ;
}




Steps on steps

What's the Big Theta bound if n is n?

for(int 1 = 1; 1 < n; 1 *= 2) {
for(int §J =1; J < n; j *= 3) {
System.out.println ("#") ;
}




Steps on steps on steps

What's the Big Theta bound if n is n?

int counter = 1;
for(int 1 = 1; 1 <= n; ++1) {
for(int j = 0; j < counter; ++j) {
System.out.println("$") ;
}

counter *= 2;




Switch it up

What's the Big Theta bound if n is n?

int counter = 1;
for(int 1 = 1; 1 <= n; ++1) {
for(int j = 0; j < n/counter; ++j) {
System.out.println("$") ;
}

counter *= 2;




Back to your roots

What's the Big Theta bound if n is n?

for(int i = 0; i*i < n; ++i) {
for(int 3 = 0; jJ < n; ++3) {
System.out.println("%") ;

}




Sequences and Induction




Mathematical sequences can be represented in expanded form or with explicit formulas
Examples:

= 2,5,10,17, 26, ...

= a; :i2+ 1, |

Summation notation is used to describe a summation of some part of a sequence
n

2 Ay = Ay + AQmy1 T Ay +... +ay,

k=m

Product notation is used to describe a product of some part of a sequence
n

‘ ‘ A = Am " Am+1 " Am+2 - An
k=m



= Simplify the following summation to a closed-form expression

23i+n

1=5



= To prove a statement of the following form:

= Vn € Z, wheren > a, property P(n) is true
= Use the following steps:
1. Basis Step: Show that the property is true for P(a)

2. Induction Step:
Suppose that the property is true forsomen = k, wherek e Z, k> a
Now, show that, with that assumption, the property is also true fork + 1



= Prove that, for all integersn = 1,

=



= Using recursive definitions to generate sequences

= Writing a recursive definition based on a sequence

= Using mathematical induction to show that a recursive
definition and an explicit definition are equivalent



= Sure, intelligent pattern matching gets you a long way
= However, it is sometimes necessary to substitute in some

<nown formula to simplify a series of terms
= Recall

= Geometricseries: 1 +7 + 1% + -+ 1" = r—1

= Arithmeticseries:1 + 2 + 3 + ... + n = n(nt1)




= Consider the following formula:
=5; =5 fori >0

= Convertitinto a recursive formula:
= State the recurrence relation
= Define a starting term (sg)



_ Yk-1 f -
N = orallinteqersk > 1

lg():j_

= Give an explicit formula for this recurrence relation
= Hint: Use the method of iteration



To solve sequence a, = Aay_1 + Bay_»
Find its characteristic equationt? - At- B = 0
If the equation has two distinct roots 7 and s

= Substitute ay and a; intoa,, = Cr™ 4+ Ds™tofindCand D
If the equation has a single root r

= Substitute ag and a; intoa,, = Cr"™ 4+ Dnr"tofind C and D
There will be one of these on the exam



Ticket Out the Door




Upcoming




= Exam 1!



= Finish Assignment 2

= Due tonight by midnight!
= Study for Exam 1

= Next Monday!
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